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Abstract 

We prove that isomorphism classes of principal bundles over a diffeological space are 
in bijection to certain maps on its free loop space, both in a setup with and without 
connections on the bundles. The maps on the loop space are smooth and satisfy 
a "fusion" property with respect to triples of paths. Our bijections are established 
by explicit group isomorphisms: transgression and regression. Restricted to smooth, 
hnitc-dimensional manifolds, our results extend previous work of J. W. Barrett. 
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1 Introduction and Results 



We study a relationship between geometry on a space and geometry on its loop space. 
We are concerned with a fairly general class of spaces: diffeological spaces, one version 
of the "convenient calculus" [Sou81} IKM 97], Most prominently, the category of diffeo- 
logical spaces contains the categories of smooth manifolds and Frechet manifolds as full 
subcategories, and a lot of familiar geometry generalizes almost automatically from these 
subcategories to diffeological spaces. 

The geometry we study on a diffeological space X consists of principal bundles with 
connection. The structure group of these bundles is an ordinary, abelian Lie group A, 
which is allowed to be discrete and non-compact. The loop space CX that is relevant here 
consists of so-called thin homotopy classes of smooth maps r : S 1 — X, and is thus better 
called the "thin loop space" of X. Due to the convenient properties of diffeological spaces, 
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CX is again an honest diffeological space. On CX, we characterize a class of "fusion maps" 
/ : CX — 5- A, following an idea of Stolz and Teichner [ST]. A fusion map / is smooth, 
and whenever ji, 72 and 73 are paths in X with a common initial point and a common 
end point, it satisfies 

.f(72*7i) • /(73 * 72) = /(73*7i), 

where * denotes the composition of paths and 7 denotes the reversed path. Fusion maps 
form a group under point-wise multiplication, which we denote by J-us(CX, A). A detailed 
discussion of fusion maps is the content of Section [2l Our first result is 

Theorem A. Let X be a connected diffeological space and let A be an abelian Lie group. 
There is an isomorphism 

h nffBunJ(X) ^ J=us(CX,A) 

between the group of isomorphism classes of diffeological principal A-bundles over X with 
connection and the group of fusion maps on the thin loop space CX . 

The bijection of Theorem lAl is established by group isomorphisms called "transgression" 
and "regression" . Transgression basically takes the holonomy of the given connection, and 
is discussed in Section [5j Its inverse, regression, reconstructs a principal bundle over X 
with connection from a given fusion map / : CX — 5- A, and is the content of Section HI 
The proof of Theorem [A] is given in Section [6J 

The groups on both sides of the isomorphism of Theorem [A] have important subgroups: 
the one on the left hand side is composed of bundles with flat connections, and the one on 
the right hand side is composed of locally constant fusion maps. In Propositions 14.2.51 and 
13.2.131 we shall show the following: 

Corollary A. The isomorphism of Theorem 0] restricts to an isomorphism 

h njfBunJ°(X) Tus lc (CX,A) 

between the group of isomorphism classes of flat diffeological principal A-bundles over X 
and the group of locally constant fusion maps on CX. 

If X is a smooth manifold, a diffeological principal bundle over X is the same as a 
smooth principal bundle; similarly, connections on diffeological principal bundles become 
ordinary, smooth connections. Under these identifications, Theorem |A] and Corollary [A] 
are statements about the geometry of ordinary, smooth manifolds. 
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Our second result is an analog of Theorem lAl in a setup for bundles without connection. 
It relies on the existence of connections on principal bundles and is thus only valid over 
smooth manifolds, and not over general diffeological spaces. The relevant structure on the 
thin loop space is now a group of equivalence classes of fusion maps, which we denote by 
hJv,s(CM , A). Here two fusion maps are identified if they are connected by a path through 
the space of fusion maps. 

Theorem B. Let M be a connected smooth manifold. There is an isomorphism 

h Bun A (M) KFus(CM,A) 

between the group of isomorphism classes of smooth principal A-bundles over M and the 
group of equivalence classes of fusion maps on CM . 

Our last result is that under the isomorphisms of Theorems [X] and [Bl the operation 
of forgetting connections corresponds precisely to the projection of a fusion map to its 
equivalence class: 

Theorem C. The bijections of Theorems \A\ and\B\ fit into a commutative diagram 



whose vertical arrows are, respectively, forgetting the connection and projecting to equiva- 
lence classes. 

Theorems [B] and [C] are proved simultaneously. In Sections U] and [5] we define group 
homomorphisms & and St that constitute the isomorphism of Theorem [Bl such that Theo- 
rem O is true. In other words, Sf and S% are covered, respectively, by transgression and 
regression, which are inverses of each other according to Theorem [A] Since the vertical 
arrows in the commutative diagram of Theorem ICl are surjective, it follows that ST and St 
are also inverses to each other. 

Studying the relationship between principal bundles with connection over a smooth 
manifold M and their holonomy has a long history in differential geometry, including work 



h BunJ(M) 



J=us{CM, A) 



h Bun A (M) 



KFus(£M, A) 
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of Milnor, Lashof and Teleman. A nice overview and references can be found in Barrett's 
seminal paper |Bar91j . In that paper, Barrett introduced the notion of thin homotopic 
loops that we use here, and proved a version of our Theorem 1X1 for smooth manifolds. We 
remark that his formulation of the loop space structure is slightly different from our fusion 
maps, and requires fixing a base point in M. 

The results of the present article extend Barrett's result in two ways. The first is that 
Theorem lAl extends Barrett's bijection to a larger class of spaces - diffeological spaces. For 
example, Theorem 1X1 holds for principal bundles over the thin loop space itself. The second 
is Theorem [Bl which extends Barrett's bijection to principal bundles without connection. 

Our results are made possible due to new tools that we develop. The main innovation is 
a comprehensive theory of principal bundles with connection over diffeological spaces; this 
is worked out in Section [3l We follow the slogan: even if one is only interested in smooth 
manifolds it is helpful to use diffeological spaces. More specifically, we use new descent- 
theoretical aspects: we introduce a Grothendieck topology on the category of diffeological 
spaces and prove that principal bundles with and without connections form sheaves of 
groupoids (Theorems 13.1.51 and 13 . 2 /2j) . Finally, we show that diffeological principal bundles 
with and without connection reduce over smooth manifolds consistently to smooth principal 
bundles (Theorems 13.1.71 and I3.2.6[) . 

In the main text of this paper we assume that the reader is familiar with the basics 
of diffeological spaces. In order to make the paper accessible for others, we have included 
Appendix lAl with a brief review about diffeological spaces, emphasizing differential forms, 
path spaces and sheaf theory. 

Acknowledgements. I gratefully acknowledge a Feodor-Lynen scholarship, granted by 
the Alexander von Humboldt Foundation. Further, I thank the Max-Plan ck-Institut fur 
Mathematik in Bonn for kind hospitality and support. I thank Thomas Nikolaus, Martin 
Olbermann, Arturo Prat-Waldron, Urs Schreiber, Andrew Stacey, and Peter Teichner for 
many exciting discussions. 
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2 Paths and Loops in Diffeological Spaces 



In this section we define fusion maps on thin loop spaces. They appear on the right hand 
side of the bijections of Theorems [A] and [Bj 

2.1 Thin Homotopy Equivalence 

Let X be a diffeological space. A path in X is a smooth map 7 : [0, 1] — *- X that is 
locally constant in a neighborhood of {0, 1}. The latter condition is also known under the 
name "sitting instants" . Our main reference for this section is [IZ] , where paths are called 
"stationary paths". The set of paths is denoted PX; it is itself a diffeological space as 
a subset of the diffeological space of smooth maps from [0, 1] to X, which we denote by 
D°°([0,1],X). 

A diffeological space X is called connected if the endpoint evaluation 

ev : PX — Ixl: 7 ^ ( 7 (0), 7 (1)) 

is surjective. One can show that ev is then even a subduction [IZ| V.6], the diffeological 
analog of a smooth map that admits smooth local sections (see Definition I A. 2 . 1 1 and Lemma 
IA.2.2[) . In the following we assume that X is connected. 

Because of the sitting instants, two paths 71,72 with 7 i(l) = 72(0) can be composed 
to a third path 72 * 71 which is defined in the usual way [TZ], V.2, V.4]. For x G X, we 
denote by id x the constant path at x, and for a path 7 we denote by 7 the reversed path. 
A smooth map / : X — Y between diffeological spaces induces a smooth map 

Pf ■ PX — *- PY : 7 1 — >- / o 7 

that takes composition and reversal of paths in X to those of paths in Y [IZ, 1.59]. 

We want to force composition to be associative, the constant paths to be identities, and 
path reversal to provide inverses for this composition. One solution would be to identify 
homotopic paths. However, as is known in the case of manifolds, a lot of the geometry 
will be lost: one better restricts to homotopies of rank one, so-called thin homotopies 
[Bar91, SW09]. In the following we generalize the concept of thin homotopies to diffeological 
spaces. 
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Definition 2.1.1. Let k € N. A smooth map f : X — *- Y between diffeological spaces 
has rank k if for every plot c : U — >■ X and every point x £ U there exists an open 
neighborhood U x C U, a plot d : V — >- Y and a smooth map g : U x — >- V such that the 
diagram 

c d 



is commutative, and the rank of the differential of g is at most k. 

With a view to Theorem [B] it is important to see that notions we introduce for diffeo- 
logical spaces reduce to the corresponding existent notions for smooth manifolds. 

Lemma 2.1.2. For M and N smooth manifolds, a smooth map f : M — >■ N has rank k 
in the sense of Definition \2.1.1\ if and only if its differential is at most of rank k. 

The proof is elementary. One can also show that a smooth map / : X — *■ Y between 
diffeological spaces has rank k if and only if Laubinger's tangential map /* has at most 
rank k |Lau08| . The following lemma summarizes obvious statements. 

Lemma 2.1.3. The rank of smooth maps satisfies the following rules: 

(a) If k > I, every rank I map also has rank k. 

(b) Every constant map has rank zero. 

(c) If f : X — Y has rank k and descends along a subduction p : X — >■ Z, then the 
quotient map f : Z — >■ Y also has rank k. 

(d) If f : X — > Y has rank k, and g : W — >■ X and h : Y — 5- Z are smooth maps, 
then h o / o g : W — *- Z also has rank k. 

Using the notion of the rank of a smooth map, we define a suitable equivalence relation 
on the space PX of paths in X. 

Definition 2.1 A. Let 71 and 72 be paths in X with a common initial point x and a common 
end point y. A homotopy between 71 and 72 is a path h € PPX with 

ev(h) = (71,72) and ev(/i(s)) = (x, y) 
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for all s 6 [0,1]. A homotopy h is called thin, if the adjoint map 

h v : [0,1] 2 — *» X : (s,t) h(s)(t) 

has rank one. 

An important example of a thin homotopy is an orientation-preserving reparameteriza- 
tion; or even any smooth map rj : [0, 1] — 5- [0, 1] with r/(0) = and 77(1) = 1. A homotopy 
between 7 o 77 and 7 can be obtained from a smooth homotopy between rj and the identity 
id[ 0> i] ■ It is thin due to Lemmata 12.1.21 and 12.1.31 (d). 

Lemma 2.1.5. Being thin homotopic is an equivalence relation on the diffeological space 
PX of paths in X . 

Proof. First of all, the identity id 7 £ PPX is thin, since id^ factors through [0, 1], and 
thus has rank one by Lemmata 12.1.21 and 12.1.31 (d). If h € PPX is a thin homotopy, h is 
also thin since (h) v factors through h v . Finally, we have to show that if hi € PPX and 
h 2 E PPX are composable thin homotopies, the composition h 2 *h\ is again thin. For this 
purpose we recall that the path composition hi * h\ : [0, 1] — »- PX is defined using the 
subduction U := Ui U U e U U 2 [0, 1], where 

C/i:=[0,|) , U e :={\-\e,\ + \e) and C/ 2 :=(|,l], 

and e is chosen such that h\(t) = hi(l) for all t > 1 — e and h,2(t) = /12(C)) for all t < e. 
We define h : U PX by hi{2t) over U 1 , hi{l) = h 2 (0) over U e and h 2 (2t - 1) over U 2 . 
Obviously, h descends to [0,1]; this defines h 2 *h\ (see Lemma IA.1.4p . Since h\ and h 2 
are thin, it follows that /i v : U x [0, 1] — *- X has rank one. Furthermore, it descends to 
{h 2 -kh\Y . Thus, (h 2 ★ /ii) v has rank one by Lemma l2.1.3l (c). □ 

Denoting by ~ the equivalence relation of being thin homotopic, the diffeological space 
of thin homotopy classes of paths is 

VX := PX/ ~ . 
It remains to show that VX has the desired structure: 

Proposition 2.1.6. Path composition and reversal descend to smooth maps 
★ : PX x x VX VX and (T) : VX — VX. 
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The composition is associative and the constant paths are identities. Furthermore, reversing 
paths provides inverses for the composition. 

Proof. Composition and reversal of paths in PX are smooth maps [IZ| V.3, V.4]. By 
Lemma IA.1.41 a smooth map that descends along a subduction descends to a smooth 
map. So we only have to show that composition and reversal are well-defined under thin 
homotopies. 

In order to do so, we introduce a "pointwise" composition and reversal for paths in 
path spaces. If h € PPX is such a path, r(h) € PPX is defined by r(h)(s) := h(s). Since 
r(/i) v factors through h v , r{h) is thin whenever h is thin. Thus, if h is a thin homotopy 
between 71 and 72, then r(h) is a thin homotopy between 71 and 72. 

The composition goes similarly; here one constructs from two paths h\,h2 £ PPX such 
that hi x h>2 is a path in PX xx PX a new path c(h\, /12) by c(h\, fi2)(s) := /i2( s ) * h±(s). 
This is thin by the same reasoning as in the proof of Lemma 12.1.51 Summarizing, if hi is 
a thin homotopy between 71 and 7^, and h,2 is a thin homotopy between 72 and 7 2 , where 
71 and 72 are composable, c(hi,h,2) is well-defined since 

/ ll ( s )(l)= 7l (l)= 72(0) =h 2 (s)(0) 

for all s £ [0,1], and thus is a thin homotopy between 72 * 71 and 72 *7i- 

Composition is associative: one finds for three composable paths 71, 72 and 73, a thin 
homotopy (73* 72)^71 ~ 73* (72*71) constructed from the evident reparameterization. In 
the same way one finds thin homotopies 7+idx ~ 7 ~ id y *7 for a path 7 with ev(7) = (x, y). 
Inversion provides inverses: we have to construct thin homotopies 

7 * 7 ~ idy and id x ~ 7 * 7 

for any path 7 with ev(7) = (x,y). To do so, consider a smoothing function if, i.e. a 
smooth map ip : [0, 1] — >■ [0, 1] such that there exists e > with <p(t) = for t < e and 
cp(t) = 1 for t > 1 — e. Notice that for s G [0, 1], r s (t) := 7(<£>(s)<£>(£)) is a path in X with 
ev(r s ) = (a;, 7^(s)), where 7^ := 70^ is the reparameterized path. Furthermore, it can be 
regarded as a path 

r : [0, 1] PX : s l — >■ T s 

with ev(r) = (id x , Jm). The adjoint map T v has rank one since it factors through [0,1]. 
Then, c(r(T), T) in the notation introduced above is a thin homotopy between id x = ida;*id x 
and 7^*7^. Since 7 and 7^ are thin homotopy equivalent, the latter is thin homotopy 
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equivalent to 7*7. Thus, we have constructed one of the claimed thin homotopies. The 
other one can be constructed analogously. □ 



Finally we remark that the space PX of thin homotopy classes of paths in X is functorial 
in X: for / : X — >■ Y a smooth map, the induced map Pf : PX — 9- PY on path spaces 
descends to thin homotopy classes to a smooth map 

Pf : VX — VY, 

respecting composition, reversal and identity paths. An alternative formulation of Propo- 
sition [2TL6] is that PX is the space of morphisms of a diffeological groupoid called the path 
groupoid of X (sec [S W09J [SWlT] ) . From this point of view, the maps Pf define functors 
between these groupoids . 

2.2 Fusion Maps 

In this section we give the definition of a fusion map, based on a relationship between path 
spaces and loop spaces that we introduce first. A loop in X is a smooth map r : S 1 — ^ X. 
Loops in X form the diffeological space 

LX : = 

The following definition generalizes Barrett's notion of thin homotopies [Bar91j from 
smooth manifolds to diffeological spaces. 

Definition 2.2.1. A homotopy between loops t\ and T2 in X is a path h G PLX with 
ev(h) = (ti,T2). A homotopy h is called thin , if the adjoint map 

h w : [0, 1] x S 1 — »- X : (t, z) h(t)(z) 

has rank one. 

For any smooth map / : S 1 — >■ S 1 that is homotopic to the identity - in particular any 
rotation and any orientation-preserving reparameterization - there exists a thin homotopy 
between to f and r. Analogously to Lemma [2 . 1 . 5 1 one can show that being thin homotopic 
is an equivalence relation on the diffeological space LX of loops in X. We denote this 
equivalence relation by ~, and the diffeological space of thin homotopy classes of loops by 

LX := LX/ ~ 
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and called the thin loop space of X. 

Now we come to the afore-mentioned relationship between path spaces and loop spaces. 
Denoting by PX c i C PX the subspace of closed paths, a smooth map cl : PX c i — >- LX is 
obtained by performing a gluing construction similar to the one from the proof of Lemma 
12.1.51 Consider a pair (71, 72) of paths with a common initial and a common end point; such 
pairs of paths form the fibre product PX^ := PX XxxX PX, taken along the evaluation 
map ev : PX — *- X x X. We have a map se : PX^ — 5- PX c i that takes the pair (71, 72) 
to the closed path 72 * 71 , and is smooth since path composition and inversion are smooth 
[IZ| V.3, V.4]. All together, we have a smooth map 

I --close: PX [2] LX. 

Since every loop in the image of I is constant in a neighborhood of 1 G S 1 , it is clear that 
I is not surjective. It induces, however, a subduction on thin homotopy classes: 

Lemma 2.2.2. There is a subduction £ : VX^ — >■ LX such that the diagram 

px [2] — ! — ^ LX 

pr 

vx® cx 

is commutative. In particular, £ is surjective. Moreover, £ satisfies the relations 

^(71, «* 72) =•£(«* 71) 72) and £(71, 72 * /3) = ^(71 * /3, 72) 
for all possible 71,72, /3 G VX. 

Proof. We show that pr o I descends to the claimed map £; this makes the diagram 
commutative. With Proposition 12.1.61 it remains to prove that cl descends. Indeed: the 
composition of a thin homotopy h G PPX c i with cl defines a thin homotopy cl o h G PLX. 
The first relations follow since already se(7i, K * 72) = se(K * 71, 72). The second follows 
since the loops cZ(/3 ★72' * 71) and 0/(72*71 o f3) are related by a rotation of and hence 
thin homotopic. The statement that £ is a subduction is not needed in this article and can 
hence be left as an exercise. □ 

The subduction i is needed to define fusion maps. Let G be a Lie group, and suppose 
/ : CX — G is a smooth map. We introduce the notation 

f e ■= f o £ : PX® G 
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in order to simplify the following formulae. 



Definition 2.2.3. A smooth map f : CX — >■ G is called fusion, if 

f l(p(l,l2) ■ /^(72,73) = /^(7l,73) 

for all (71,72,73) € VX^, i.e. for all triples of thin homotopy classes of paths with a 
common initial point and a common end point. 

It is straightforward to deduce the following properties of fusion maps. 

Lemma 2.2.4. Let f : CX — G be a fusion map. Then, 

(a) ^(71,72) = #(72, 7l) -1 f or al1 (71,72) G VX®. 

(b) ft(l,l) = lfor alljeVX. 

Fusion maps form a subspace of the diffeological space D°°(CX, G) of all smooth maps, 
which we write as J-us(CX,G). It appears on the right hand side of the isomorphism of 
Theorem [Aj 

Definition 2.2.5. A fusion homotopy between fusion maps fo and f\ is a path h in 
Tus{CX,G) with ev(h) = (/o,/i). 

Due to the composition and reversal of paths, fusion homotopies define an equivalence 
relation ~ on the space of fusion maps. We denote the space of equivalence classes by 

KFus(CX, G) := J=us{CX, G)/ ~ . 

It appears on the right hand side of the isomorphism of Theorem [Bj 

There are two particular situations. The first is when G is replaced by an abelian 
Lie group A. Then, fusion maps Jus(CX, A) form a group by point-wise multiplication, 
and a subgroup of the group D°° (CX, A) . The group structure is preserved under fusion 
homotopies; hence, KFus(CX,A) is also a group. 

The second situation is that of a smooth manifold M . Then one can express the 
condition that a map / : CM — >- G is smooth in terms of the Frechet manifold structure 
on LM. Indeed, / is smooth if and only if /opr : LM — >■ G is smooth in the Frechet sense, 
where pr : LM — 3- CM is the projection to thin homotopy classes (see Lemmata IA.1.41 
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and lA.1.7p . In the same way, the smoothness of a fusion homotopy h € PJ%ts(CM, G) can 
be characterized by saying that the pullback of the adjoint map h v : [0, 1] x CM — G to 
[0, 1] x LM is smooth in the Frechet sense. Thus, the sets J-us{CM, G) and hFus(CM, G) 
have a description in terms of Frechet manifolds. 



3 Diffeological Principal Bundles with Connection 

In this section we introduce diffeological principal bundles with connection, which appear 
on the left hand side of the bijection of Theorem [XJ In addition, we prove some results 
that we need in order to prove Theorems [A] and [Bj 



3.1 Diffeological Principal Bundles 

Here we define diffeological principal bundles and show that they form a sheaf of groupoids 
over diffeological spaces (Theorem 13. 1 .5j) . This sheaf is monoidal if the structure group is 
abelian (Theorem 13. 1.6j) . We show that a diffeological bundle over a smooth manifold is 
the same as a smooth principal bundle (Theorem 13. 1 .7j) . 

Let G be a Lie group and let X be a diffeological space. 

Definition 3.1.1. A diffeological principal G-bundle over X is a subduction p : P — *- X 
together with a fibre-preserving right action of G on P such that 

t : P x G >■ P x x P : (p,g) l— »- (p,pg) 

is a diffeomorphism. 

The condition on the map t ensures that the action is smooth, free and fibrewise 
transitive. For instance, it determines a smooth map 



gp 



■ P [2] — G : (pi.pa) i *■ pr 2 (r- 1 {p 1 , P2 )), (3.1.1) 



whose result is the unique group element g G G with p 2 = pig. The condition that the 
projection p be a subduction ensures that X is diffeomorphic to the quotient of P by the 
group action [IZ, 1.50]. 



Remark 3.1.2. Definition 13.1.11 coincides with the restriction of |Igl85, Definition 3.3.1 



from diffeological groups to ordinary Lie groups. In order to see this, it is important to 
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notice that the projection of a diffeological principal G-bundle is necessarily a "strong 
subduction" , the diffeological analogue of a submersion. 

The morphisms between diffeological principal G-bundles over X are G-equivariant 
smooth maps that respect the projections to X. For Pi and P2 diffeological principal G- 
bundles over X, we claim that every morphism <p : Pi — >■ P2 is invertible. To see this, 
consider the smooth map 

P 2 xx Pi — >- Pi : (P2,Pi) I—*- Pi9P 2 ( l P(Pi),P2)- 

It satisfies the gluing condition for the subduction p^ : P2 xx Pi — P2, and hence 
descends to a smooth map ip~ l : P2 — »- Pi- This is an inverse of ip. Thus, diffeologi- 
cal principal G-bundles over a diffeological space X form a groupoid that we denote by 
ViffBun G (X). 

If G is replaced by an abelian Lie group A, the sets of morphisms has the following 
structure. 

Lemma 3.1.3. Let P\ and P2 be diffeological principal A-bundles over X. Then the set 
l~bm(Pi, P2) of morphisms is a torsor over the group D°°(X,A). 

Proof. The proof goes exactly as in the manifold case and uses the smoothness of the map 
t from Definition 13.1.11 and the smoothness of the map gp from (|3.1,ip . □ 

Pullbacks of diffeological principal G-bundles are defined in the same way as for smooth 
principal G-bundles. Thus, diffeological principal G-bundles form a presheaf of groupoids 
over diffeological spaces. We shall see that this presheaf is actually a sheaf with respect to 
the Grothendieck topology of subductions (see Appendix IA,2|) . 

The gluing axiom is formulated as follows. Associated to any subduction uj : W — >■ X 
is a descent category Des(w). The objects of Des(u;) are pairs [P, d) of a diffeological 
principal G-bundle over W and of a morphism d : lo\P — u^P of diffeological principal 
G-bundles over such that 

oj^d o ojl 2 d = ojl 3 d (3.1.2) 

over W^. Here, i k is the projection to the indexed factors. A morphism in Des(u;) 
between objects (Pi, d\) and (P2, do) is a morphism ip : Pi — *- P2 of diffeological principal 
G-bundles over W such that 

d2 o uj*(p = u>2(p o d\. (3.1.3) 
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The pullback along cj defines a functor 



uj* : ViffBun G {X) Des(w). 

The gluing axiom is 

Lemma 3.1.4. For every subduction oj : W — >■ X, the functor oj* is an equivalence of 
groupoids. 

Proof. We construct an inverse functor a;*. For (P,d) an object in Des(u;), we consider 

p' ■= pj ~ with pi ~ p 2 <=^> d(pi) = (p 2 )- (3.1.4) 

Due to (I3.1.2p . ~ is an equivalence relation, and P' is equipped with the pushforward 
diffeology. The projection uop : P — s- X satisfies the gluing condition for the subduction 
pr : P — s- P', so that it descends to a smooth map p' : P' — >■ X. The action of G 
descends to P' since d is G-equivariant. Now we have to show that P' is a diffeological 
principal G-bundle over X. 

First we show that p' is again a subduction. Let c : U — X be a plot and x € U. 
Since co o p is - as a composition of subductions - a subduction, there exists an open 
neighborhood V C U of x and a plot c : V — P of P. Now, c' := pr o c is a plot of P', 
and p' o c 7 = c|y. Thus, p' is a subduction. 

In order to verify that the map r' associated to P' is a diffeomorphism, consider the 
commutative diagram 

P x G r -^Px w P 



prxid 



prxpr 



P' xG — r+P' x x P'- 

T 

The vertical maps are subductions. Thus, r' is smooth by Lemma IA.1.41 Since r is a 
bijection, r' has to be a bijection, and again by Lemma [A. 1.41 the inverse of r' is a smooth 
map. 

Summarizing, cj*(P, d) := P' is a diffeological principal G-bundle over X. Now let 
tp : (P\,di) — >■ (P2,^2) be a morphism in Des(cj). Due to (13.1.3j) . there exists a unique 
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map <p' : P[ — 5- P' 2 such that the diagram 




is commutative. Again, Lemma I A. 1.41 shows that <// is smooth. It is also G-equivariant, 
and thus a morphism uo*(<p) := if 1 of diffeological principal G-bundles over X. 

What remains is to define natural equivalences lo^ooj* = id and to* o = id. Suppose 
first (P, d) is an object in Des(w). With co*P' = W x x P' , the map 

£(P,d) ■ p u*P' : x I—*- (p(x),pr(x)) 

is smooth and G-equivariant, and natural in (P, d). Suppose secondly that P is a diffeologi- 
cal principal G-bundle over X. The equivalence relation ~ from (|3.1.4p on uj*P = W Xx P 
identifies (w,x) and (w',x') if and only if ui(w) = oj{w') and x = x' . Consider the projec- 
tion pr 2 : uj*P — 5- P ; which is G-equivariant. It respects the equivalence relation ~ and 
defines hence a smooth map Cp : (oj*P)' — >■ P. This map is natural in P. □ 

Summarizing the above results, we have 

Theorem 3.1.5. Let G be a Lie group. The assignment X 1 — >■ TUffBuriQ^X) defines a 
sheaf of groupoids over the site of diffeological spaces. 

For an abelian Lie group A there is more structure: the groupoid VijfBun A (X) of diffeo- 
logical principal j4-bundles is monoidal. The usual definition of tensor products of abelian 
principal bundles carries over to the diffeological context. If Pi and P2 are diffeological 
principal A-bundles over X, then 

Pi ®P 2 := (Pi xx P-i)l ~ with (pi-a,p 2 ) ~ (pi,p 2 .a), 

equipped with its canonical diffeology according to Example IA.1.31 (d) and (e) , is again 
a diffeological principal A-bundle over X. Verifying that the functor and the natural 
equivalences o u* = id and to* o uj* = id constructed in the proof of Lemma 13.1.41 are 
monoidal, we have 

Theorem 3.1.6. Let A be an abelian Lie group. The assignment X 1 — >■ T>ijfBun A (X) 
defines a sheaf of monoidal groupoids over the site of diffeological spaces. 
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In the remainder of this section we consider diffeological principal G-bundles over a 
smooth manifold M. The functor Mm — Viff from the category of smooth manifolds to 
the category of diffeological spaces (see Section IA.1|) induces a functor 

V M : Bun G {M) UffBun G {M). 

One only has to notice that the projection of a smooth principal bundle is a subduction 
(Lemma|Al2}. 

Theorem 3.1.7. The functor T> m is an isomorphism of groupoids. 

Proof. Suppose p : P — M is a diffeological principal G-bundle over M. We equip the 
total space P with a smooth manifold structure. By Lemma lA.2.21 we can choose an open 
cover {U a } of M together with diffeological sections s a : U a — >■ P. They induce bijections 

o~a ■ U a x G — >■ p~ x {U a ) : (x,g) i— *• s a (x)g 

and thus equip each subset p~ x (U a ) c P with a smooth manifold structure. The transition 
function is 

a'^oa a : (U a nUp)xG — >- (U a (~)Up)xG : (x,g) ^ (x, g P (sp(x), s a (x))g) 

and thus smooth. Hence, the smooth manifold structures on the sets p -1 (i7 a ) glue together. 
The same argument shows that they are independent of the choice of the open sets U a and 
the sections s a . We claim that the original diffeology on P coincides with the smooth 
diffeology induced by the smooth manifold structure we have just defined. Given that 
claim, the projection p : P — 5- X, the local sections s a : U a — >■ P, and the action of G 
on P are smooth. Thus, p : P — >■ M is a smooth principal G-bundle over M. Similarly, 
every morphism ip : Pi — *- P2 of diffeological principal G-bundles is smooth. This yields 
a functor 

V-} : UffBun G {M) Bun G (M). 

We have to show that the two functors T>m and Z>7f are strict inverses of each other. 
One part is exactly the above claim. In order to prove the claim, suppose P is a diffeological 
principal G-bundle. We have to show that a map c : U — »- P is a plot of P if and only if 
it is smooth with respect to the smooth manifold structure on P defined above. Suppose 
first c is a plot. Define the open sets V a := c~ 1 p~ 1 (U a ) that cover U, and consider the 
composite 

°a lo c\v a ■ V a U a x G. (3.1.5) 
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Since a~ l is a smooth map, (|3.1.5p is smooth. Because a a is a chart of the smooth manifold 
P, c is smooth on V a . Since U is covered by the sets V a , c is smooth everywhere. Conversely, 
suppose c : U — P is smooth. Then, (|3,1.5|) is smooth and thus a plot of U a x G. But 
since a a is also smooth, its composition with the plot f)3. 1 .5|) is a plot of P. Since this 
composition is c\y a , c is a plot by axiom (D3) of Definition I A. 1.11 

It remains to check the other part. Assume that P is a smooth principal G-bundle. 
Then, the sections s a used above can be chosen smooth, resulting in diffeomorphisms a a . 
These induce the original smooth manifold structure on P. □ 

Since pullbacks (and in the abelian case: tensor products) of diffeological principal 
bundles are defined exactly as for smooth bundles, it is clear that the isomorphisms T>m 
define an isomorphism of sheaves of (monoidal) groupoids. 

3.2 Connections, Parallel Transport and Holonomy 

In this section we introduce connections on diffeological principal bundles, and generalize 
the statements of Section [37T1 to a setup with connections (Theorems 13.2.21 13.2.31 and I3.2.6|) . 
Further we investigate parallel transport and holonomy in diffeological principal bundles 
with connection. 

The definition of a connection is literally the same as in the context of smooth manifolds. 

Definition 3.2.1. Let p : P — 9- X be a diffeological principal G-bundle over X . A 
connection on P is a 1-form uj € Q 1 (P,q) such that 

p*u = Ad g 1 (pr*u) + g*6, 

where p : P x G — >• P is the action, g : P x G — 5- G and pr : P x G — >• P are the 
projections, Ad denotes the adjoint action of G on g, and 6 € fi 1 (G, g) is the left-invariant 
Maurer-Cartan form on G. 

Just like this definition, several statements generalize straightforwardly from connec- 
tions on smooth principal bundles to diffeological ones. For instance, the trivial principal 
G-bundle P := X x G over X carries a canonical connection u := pr^. More generally, if 
A G 1 (X, g) is any 1-form, 

u :=Adr?(priM)+pr£0 
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defines a connection on P. 

Let P\ and P2 be principal G-bundles with connections ui\ and co 2 , respectively. A 
bundle morphism ip : P\ — *- P2 is connection-preserving if ip*u 2 = 1^1 • We denote the 
groupoid of diffeological principal G-bundles with connection by T^ffBun^(X). We have 
the following extension of Theorem 13.1,51 

Theorem 3.2.2. Let G be a Lie group. The assignment X 1 — >■ TXffBunQ (X) defines a 
sheaf of groupoids over the site of diffeological spaces. 

Proof. Pullbacks of connections are defined in the evident way. It remains to verify the 
gluing axiom. Let ir : Y — *- X be a subduction, let P be a principal G-bundle over Y and 
let w be a connection on P. Suppose d : tt*P — *■ ir 2 P is a connection-preserving bundle 
morphism satisfying the cocycle condition 

n 23 d o Trl 2 d = 7rl 3 d. 

Let P' the quotient principal G-bundle over X, coming with a subduction pr : P — >■ P' . 
For pr^ : P Xpi P — 5- P the two projections, we have to show that prjw = pr 2 u. Then, 
since differential forms form a sheaf [IZ, VI. 38], the 1-form ui descends to P'. It follows 
then automatically that the quotient 1-form is a connection. 

In order to prove the identity prjo; = prJjw, consider the smooth map 

k : P x P i P pr*P : (x 1 ,x 2 ) (xi,p(x 1 ),p(x 2 )), 

where the projections pr l5 pr 2 : P Xpi P — >■ P are given by pr 1 o k and pi^ odofc, 
respectively. Since d preserves connections, we have pr*w = pr^w. □ 

Next come some statements about connections on diffeological principal bundles with 
abelian structure group A. First of all, it is straightforward to verify that on a tensor 
product P\ ® -P2 of two such bundles, one has a tensor product connection u± ®u 2 , coming 
from the sum pr^wi + pr^^ that descends along the subduction P\ xx P2 — *■ -Pi ® P%- 
We have immediately 

Theorem 3.2.3. The groupoid TiffBun^(X) is monoidal, and principal A-bundles with 
connection form a sheaf of monoidal groupoids. 

Further, we have the following generalization of Lemma 13.1.31 
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Lemma 3.2.4. Let P\ and P2 be principal A-bundles over X with connections. Then, the 
set Horn (Pi, P2) of connection-preserving morphisms is a torsor over the group D??(X,A) 
of locally constant smooth maps. 

Proof. Given Lemma 13.1,31 it is enough to prove the following claim. Suppose ip : 
P\ — s- P2 is a connection-preserving bundle morphism, and / : X — 5- A is a smooth 
map. One computes that ipf is connection-preserving if and only if 

P *j*e = o, (3.2.1) 

where p\ : Pi — >■ X is the bundle projection. Because differential forms form a sheaf over 
Tiff ', and p\ is a subduction, it follows that ()3.2.1|) holds if and only if already f*9 = 0. 
According to the following lemma, this is the case if and only if / is locally constant. □ 

Generally, we define dlog(/) := f*6 for any smooth function / : X — *- A. Then, 

Lemma 3.2.5. dlog(/) = if and only if f is locally constant. 

Proof. Suppose first that / is locally constant. Then, for any plot c : U — X, its 
pullback / o c is constant on path-connected components of U, i.e. locally constant. Thus, 
the ordinary differential form (f*0) c = (f o c)*9 vanishes. Conversely, suppose f*9 = 0. 
Assume that there exists a path 7 € PX with ev(7) = (x,y) such that f(x) 7^ f{y)- It 
follows that the composition r := /07 is a smooth, non-constant map. In particular, there 
exists t G (0, 1) and v E T t (0, 1) such that dr| t (f ) 7^ 0. Then, 

{re) 1 \ t {v) = T*e\ t {v)^v, 

contradicting the assumption of f*8 = 0. □ 

Next we return to a general Lie group G, and compare diffeological principal bundles 
with connection over a smooth manifold to smooth bundles with connection. The functor 
T>m from Section 13.11 extends to a functor 

Vj, : Bun^(M) ViffBun^(M), 

and as a consequence of Theorem 13.1.71 we see immediately 

Theorem 3.2.6. The functor £>J f is an isomorphism of groupoids. 
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The curvature of a connection uj on a principal G-bundle P is the 2-form 

if w := dw+[wAw]G ft 2 (P, g). 

If G is abelian if^ descends to a 2-form f2 2 (X, g). A connection oj is called flat if -fT^ 
vanishes. Flatness can be detected "locally": 

Lemma 3.2.7. A connection oj on a diffeological principal G-bundle p : P — >■ X is flat 
if and only if for every plot c : U — >■ X the pullback connection c*co on c*P is flat. 

Proof. Clearly, if u is flat, c*co is flat. Let d : V — P be a plot of P, so that c := p o d 
is a plot of X. By assumption, c*P is flat; additionally it also has a smooth section 
s : V —>■ c*P :vh^ (v,d(v)). Then, 

= s*K c ^ = 8 *vt*K u = d*K u = (K u ) d . 

This shows that the 2-form K u vanishes. □ 

Important examples of flat connections arise as follows. 

Lemma 3.2.8. Let f : X — Y be a smooth rank one map, and P a principal G-bundle 
over Y with connection. Then, f*P is flat. 

Proof. Using Lemma 13.2.71 we may check that c*f*P is flat for all plots c : U — *- X. 
Moreover, since c*f*P is a smooth principal G-bundle with connection (Theorem 13.2.61) . 
we can check its flatness locally. Since / has rank one, every point u G U has an open 
neighborhood V C U such that (f oc)\v factors through a rank one map g : V — >■ W and 
a plot d : W — »- Y of Y. It follows that c*f*P\ v ^ g*d*P, which is flat. □ 

In the remainder of this section we define parallel transport and holonomy for con- 
nections on diffeological principal bundles. For this purpose we regard a connection 
to G g) on a diffeological principal G-bundle P over X via Theorem IB.2I as a smooth 

map F w : VP — 5- G. The condition on the 1-form ui from Definition 13.2.11 is now saying 
that for g G PG and 7 G PP we have 

g(l) ■ Fufrg) = F u {<y) ■ g(0). (3.2.2) 

In order to define the parallel transport, let us first notice the following general fact. 
If / : M — >- X is a smooth map defined on a contractible smooth manifold M, then / 
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lifts to P, i.e. there exists a smooth map / : M — 9- P such that p o f = f. Indeed, the 
pullback f*P is by Theorem 13.1.71 a smooth principal G-bundle and thus has a smooth 
section s : M — 5- f*P. Combining this section with the projection pr : f*P — 5- P yields 
the claimed lift. 

Definition 3.2.9. Suppose P is a diffeological principal G-bundle with connection uj. Let 
7 € PX be a path and 7 be a lift. Then, the map 

T% : F 7(0) — P 7(1) : q %1).(F U ^) ■ g P (nf(0),q)) 

is called the parallel transport of u along 7. 

It is straightforward to check that the parallel transport rjf is independent of the choice 
of the lift 7. Indeed, if 7' is another lift, we have a smooth map 

5 :[ 0) l] _^ G:t^g P {%t),i{t)) 

such that 75 = 7' and thus 

7 / (l).(i^( 7 / )- 5 p(7'(0),g)) = ig{l).{F^g)-g P ^g{Q),q)) 

= j(l).(g(l) ■ FUig) ■ g(0) ■ g P (m,q)) 
= 7(1)-(^(7)-5p(7(0),9)) 

with the last equality given by (|3.2.2[) . 

Alternatively, parallel transport can be defined using the parallel transport of smooth 
principal bundles. For this purpose, one pulls back (P, u) along 7 to a principal G-bundle 
over [0, 1]. Denote by 

r/ w :( 7 *P)|o — (l*P)\i 

the parallel transport of 7*0; along the canonical path r from to 1. Then, under the 
identification (<y*P)\ t = Pj(t), we have = r r 7 w . 

We summarize all properties of parallel transport in the following 

Proposition 3.2.10. Let P be a diffeological principal G-bundle over X with connection 
u) . Then, 

(a) parallel transport is functorial in the path: 

T\d x = id-R. and T £ T yi = r 7^o 71 
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(c) the map is a G-equivariant diffeomorphism, and depends only on the thin homo- 
topy class of the path 7. 

(c) if the connection uj is flat, rjf only depends on the homotopy class 0/7. 

(d) the map 

:VX x x P -» P: (7, q) r^(q) 

is smooth. 

Proof, (a) follows directly from the functorial properties of the map F u . Equivariance and 
invertibility in (b) are clear from the definition. 

To see the independence from thin homotopies, consider a thin homotopy h between 
paths 71 and 72 and its adjoint h v : [0, l] 2 — 5- X that we extend to a plot c : M 2 — >■ X 
(see the proof of Theorem IB.2|) . As noticed above, one can choose a smooth section 
s : M 2 — 5- c*P and obtain a lift c := pros : M 2 — »- P of c. The lift is a homotopy between 
lifts 71 and 72 (though not thin, in general). We claim that c*F u is flat. Then, by Lemma 
IB.31 F u (71) = F w (t2). To prove the claim, we notice that the connection pr*u> on c*P is 
flat by Lemma 13.2.81 But then, c*F u = s*pr*w is also flat. For (c) the same proof applies, 
just that c*F ul is already flat by assumption. 

Finally, to see (d) consider the map 

f : PP Xx P _^ P : ^ 7(1).(F W (7) • 5p( 7 (0), g)) 

which is smooth as a composition of smooth maps. Furthermore, for 7 € PX and any lift 
7 G PP, we have by definition rjf(q) = f (7, g). Then we claim that P7r : PP — »- PX is a 
subduction. Since f is independent of the lift 7, it descends by Lemma lA.1.4l to a smooth 
map. To see that Pit is a subduction, notice that any plot c : U — >■ X lifts locally over 
contractible open neighborhoods to P, as noticed previously. □ 

The following discussion is restricted to diffeological principal A-bundles with connec- 
tion for A an abelian Lie group. In order to define the holonomy of a connection we have 
to regard loops as closed paths. Since a path has by definition sitting instants, one has to 
choose a smoothing function (p; then we obtain a smooth map 

o v : LX — >■ PX c i : r 1 — >■ r o ip. 
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The thin homotopy class of o v {t) is independent of the choice of tp. Thus we have a 
canonical smooth map 

o: LX VX. 

Notice that o does not descend to the thin loop space CX, since a rotation of the loop 
would change the endpoints of the associated path. 

Definition 3.2.11. Let r : S 1 — >■ X be a loop, and let q € P T (o) be an element in the fibre 
of P over the base point of r. The holonomy of the connection oj around r is the unique 
group element HoLj(t) := a € A such that 

T o(r)(l)- a = 1- 

Since the structure group A is abelian, the holonomy is independent of the choice of q 
(we recall that for non-abelian groups the holonomy is only well-defined up to a conjuga- 
tion). Analogously to parallel transport, it can be expressed in terms of the holonomy of 
the smooth principal A-bundle t*P over S 1 , namely HoLj(t) = Hol r * w (S' 1 ). The following 
proposition summarizes further important properties of the holonomy. 

Proposition 3.2.12. Let P be a diffeological principal A-bundle and uj a connection on 
P. The holonomy HoLj(t) around a loop r depends only on the thin homotopy class of t, 
and defines a smooth map 

Hol w : CX A. 

Furthermore, 

(a) If (Pi,ui) and (^2,^2) are isomorphic as principal A-bundles with connection, 

Hol Wl = Hol W2 . 

(b) If(Pi,uJi) and ^2,(^2) are principal A-bundles with connections, 

HoLjj®^ = HoLjj • HoLj 2 . 

Proof. We first verify that Hol w : LX — 5- A is smooth. We have to show that for every 
plot c : U — >■ LX the map Hol w o c : U — *- A is smooth. This can be checked locally. 
For u G U, let V C U be a contractible open neighborhood of u. Then, the base point 
projection evo o c : V — »- X lifts to a smooth map q : V — >■ P. Now, 

(HoLoc)!^) =T"(o(c(v)),q(v)) 
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is a composition of smooth maps (see Proposition I3.2.TU1 (d)), and hence smooth. Now 
we verify that HoLj(t) depends only on the thin homotopy class of r. For h 6 PLX a 
thin homotopy between loops t\ and T2, and h v : [0, 1] x S* 1 — s- X its adjoint, we see by 
Lemma 13.2,81 that h y *P is flat. Hence, by Stokes' Theorem, 

1 = Hol^JS 1 x {0})- 1 • Hol^*^ 1 x {1}). 

Thus, HoLj(ti) = HoLj(t2). The algebraic properties (a) and (b) are straightforward to 
check. □ 

Our final observation concerns the "derivative" of holonomy in the general diffeological 
setup, generalizing a well-known formula in the manifold setup. 

Proposition 3.2.13. Let P be a principal A-bundle with connection u over a diffeological 
space X. Then, 

dlog(HoL) = / ev*^ € n\CX,a). 
Js 1 

In particular, HoLj is locally constant if to is flat. 

Proof. We work in a plot d : U — >■ CX. Let 7 : (— e, e) — >■ U represent a tangent vector 
in U, with u := 7(0). Let Co, e := [0,t] x S 1 be the standard cylinder, with Tt denoting 
the loop at time t. On Co j£ we pick the orientation which makes r e orientation-preserving. 
Consider the map 4> : Co, e — >■ X defined by (p(t, z) := d{^{t), z), where d : U x S 1 — *» X is 
the smooth map associated to d. Then, Stokes' Theorem (applied to the smooth principal 
A-bundle cj)*P over Co i<E ) yields 



Hol w (r t ) = Hol w (r ) • exp 



Now we compute 

dio g (H y d | u (^ N / d 



V =°™^ o)Kdt 



Co,e 



o HcL(r«)j = 1 



where the first step is the definition of dlog, and the second step is Stokes' Theorem. The 
result is precisely the fibre integration of d*K u} , evaluated at u and on the tangent vector 
given by 7. Thus, for each plot d we have dlog(Hol w )d = f sl d*K 0J , and this shows the 
claim. The statement about flatness follows from Lemma 13.2.51 □ 



- 25 - 



4 Regression 



Throughout this section, X is a connected diffeological space, x is a base point, and G is 
a Lie group. In the first subsection, we construct a diffeological principal G-bundle & x (f) 
over X associated to a fusion map / : CX — >- G. In the second subsection, we equip this 
bundle with a connection. These two constructions constitute the bijections of Theorems 
lBlandlA| respectively. 

4.1 Reconstruction of the Bundle 

The reconstruction of the bundle & x (f) is essentially the one of [Bar91], recalled in a way 
emphasizing the role of descent theory. Let V X X denote the subspace of VX consisting of 
classes of paths in X starting at x. Then, the restriction of the subduction ev : VX — s- X x 
X to V X X is still a subduction evi : V X X — *■ X, which is a consequence of Proposition 
IAX31 

Let / : CX — >■ G be a fusion map. Let T x := V X X x G denote the trivial principal 
G-bundle over V X X. We equip T x with a descent structure for the subduction evi, and 
use that diffeological principal G-bundles form a sheaf over diffeological spaces (Theorem 
13.1. 5ft . The descent structure is a bundle morphism 

d f : prjT* -v pi* 2 T x (4.1.1) 

over V X X^ 2 \ with prj : V X X^ — >■ V X X the projections. It is defined by 

d/ (71,72,0) := (71, 72, A (72, 71)5) • 

This is a smooth, G-equivariant map, respects the projections to the base, and satisfies the 
descent condition ([3.1. 2|) due to the fusion property of /. Thus, we obtain a diffeological 
principal G-bundle 

■= (evi)*(T s ,d/) 

over X. 

Lemma 4.1.1. The isomorphism class of ' M x (f) does not depend on the choice of the base 
point x. 
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Proof. For another base point y choose a path k € VX with ev(rc) = (y,x), which is 
possible since X, is by assumption, connected. Proposition 12.1.61 shows that the map 

c K : V X X — - V y X : 7 i->- 7 * k 

is smooth. It suffices to show that the descent structure on the trivial principal G- 
bundle T y over T^X pulls back along c K to the descent structure df on T x . Indeed, this is 
equivalent to the identity ^(72 * K, 71 * k) = f 1(721 71) which follows from Lemma 12.2.21 
□ 

Next we look at the two particular cases we have looked at at the end of Section 12.21 
The first case is that G is replaced by an abelian Lie group A. We recall that then the 
product of fusion maps is again a fusion map. 

Lemma 4.1.2. Let /i,/2 : CX — >■ A be fusion maps. There is a canonical isomorphism 

Proof. The tensor product T x ® T x inherits a descent structure df ; <8> dt 2 , and since 
diffeological bundles form a sheaf of monoidal groupoids (Theorem l3.1.6p . T X ®T X descends 
to 3&x{fi) ®^x{,f"i)- Consider the isomorphism 

tp :T X ®T X — >- T x : ((7,01), (7,a 2 )) l—*- (7,0,102) 

of principal A-bundles over V X X. It exchanges the descent structure df 1 <8> df 2 on T x <g> T x 
with dfaf 2 on T x ; hence, <p descends to the claimed isomorphism. □ 

The second particular case is when X is a smooth manifold M. Then, there is an 
isomorphism ViffBun G (M) = Bun G (M) between the groupoids of diffeological principal 
G-bundles and ordinary smooth ones (Theorem I3.1.7P . The existence of connections on 
smooth principal bundles permits us to show the following: 

Lemma 4.1.3. Let M be a connected smooth manifold, and let f : CM — >■ G be a fusion 
map. Then, the isomorphism class of M x (f) depends only on the fusion homotopy class of 
f- 

Proof. Let h be a fusion homotopy between fusion maps fo and f\. Let T denote the trivial 
principal G-bundle over [0, 1] x V X M. We define a descent structure on T with respect to 
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the subduction id x ev x : [0, 1] x V X M [0, 1] x M by 

4(*>7l,72,5) : = (*)7l,72,M*)W72,7l))3)- 

The cocycle condition is satisfied because h(t) is a fusion map at any time t. We obtain 
a diffeological (and thus smooth) principal G-bundle Q := (id x evi)*(T, d/J over M. Its 
restriction to {0} x M is & x (fo) and its restriction to {1} x M is ffl x (f{)- Thus, any 
connection on Q defines an isomorphism. □ 

Summarizing, on a smooth manifold M we have a well-defined map 

M : KFus(CM,G) h £un G (M). 

If G is abelian, ffl is a group homomorphism by Lemma l4,1.2i This group homomorphism 
defines the bijection of Theorem [Bj 

4.2 Reconstruction of the Connection 

Our construction of a connection on ffl x {f) is different from the one of [Bar91j. We equip 
the trivial G-bundle T x over V X X with a connection. This amounts to specifying a 1-form 
A x £ Q}{V x X,q). Then we prove that this connection descends to a connection on M x {f). 

In order to define the 1-form we use Theorem IB. 21 which identifies 1-forms on any 
diffeological space with certain smooth maps on its path space. Let 7 : [0, 1] — *- V X X be 
a path. Notice that /3q := 7(0) and f3\ := 7(1) are elements in V X X. Further notice that 
f3(t) := 7(t)(l) defines a path (3 G PX (see Figure [T]). We consider the group element 

F x (i) :=/<(A,^A))eG. 

Lemma 4.2.1. This defines a smooth map F x : V(P X X) — s- G satisfying 

F X W o 1 ) = F x { 1 ')-F x { 1 ) 
for every pair (7,7') of composable elements in V(V X X). 
Proof. The map 

P(V X X) V X X x V X X x PX : 7 1 — *- (faPuP) (4.2.1) 
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Figure 1: A path in the space V X X of based paths. 

we have implicitly used above is smooth. Smoothness of the composition [iZl V.3] and of 
fi show then that F x is a smooth map. From Lemmata 12.2.21 and 12.2.41 we deduce 

F x (i * 7) = //(ft, ft * P * ft) = MP'- 1 * ft, ft) • /Kft , /3 * ft) = F x (i) ■ F x ( 7 ). 

It remains to show that F x is well-defined on V(V X X). If h is a thin homotopy between 7 
and 7', and (ft, ft, ft and (ft, ft, ft) denote their images under (|4,2.ip . then ft = ft and 
ft = ft. Furthermore, the paths /3 and ft are thin homotopic: hi(s)(t) := evi(/i(s)(i)) 
defines a homotopy between /? and ft , for which /i^ = evi o /i v has rank one since h v has 
rank one (Lemma[2X3] (d)). Thus, F x {^) = F x (i). □ 

By Theorem IB. 21 F x defines a 1-form A x € ^(T-^X, g). We want to show that the 
connection uj x on T x determined by A x descends along evi. For this purpose, we have to 
show that 

Lemma 4.2.2. The bundle morphism df : pr^T^ — >• pi^x preserves connections. 

Proof. Whenever one has a morphism P\ — P2 between trivial principal G-bundles 
over a diffeological space Y, given by multiplication with a smooth map / : Y — »- G, this 
morphism preserves connection 1-forms A\ and A2 on Pi and P2, respectively, if and only 
if 

A 2 = Adj 1 (A l ) + re. 

This can be checked explicitly in the same way as one does it in the smooth manifold 
context. In our situation, we have Y := V X X^ 2 \ Pi := pr*T x , f := and the 1-forms 



-29- 



are Ai := pr*A x for i = 1,2. Thus, the equation we have to show is 

pr* 1 A x = Ad fe ( V r* 2 A x )-0. 
By Theorem IB.2[ this is equivalent to showing that F x satisfies 

/,(7(1), 7(1)) • F x tf) = F x {i) • /£(7(0), 7 '(0)) 
for all (7,7') G V(V X X^). Indeed, since then f3 = f3', we have 

feWi, ft) ■ feW'i, P * P'o) = ftilh, P * P'o) = feW~ 1 * A, P' ) = fetfu P * M • 
following from Lemmata 12.2.21 and I2.2.4L □ 

Since diffeological principal bundles with connection form a sheaf of groupoids (Theo- 
rem I3.2.2p we have now a principal G-bundle 

#J(/) := (evi)*(T x ,u x ,d f ) 
over X uni/i connection, whose underlying bundle is M x (f) from the previous section. 

Lemma 4.2.3. The isomorphism class of ffl x '(f) does not depend on the choice of the base 
point x. 

Proof. The map c K from Lemma [4.1.11 satisfies c* K A x = A y , equivalently, c* K F x = F y , which 
follows from Lemma l2.2.21 Thus, c K descends to the claimed isomorphism. □ 

Summarizing, we have a well-defined map 

^ v : Fus(CX, G) — h ViffBun%(X) 

that we call regression. It defines the bijection of Theorem 1X1 For a smooth manifold M, 
it fits by construction into the commutative diagram 

Fus{CM, G) ® V > h Bun%(M) 

KFus(CM, G) — h Bun G (M), 

and thus contributes one part of the proof of Theorem O The following lemma shows that 
2%^ is a group homomorphism for abelian Lie groups. 
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Lemma 4.2.4. Let /i,/2 : CX — >■ A be fusion maps. Then, the canonical isomorphism 
from Lemma \4.1.2 respects the connections. 

Proof. We recall from the proof of Lemma 14.1,21 that the isomorphism has been obtained 
from an isomorphism tp : T x <S)T X — >■ T x over V X X. Since the connection u x on T x is the 
pullback of a 1-form A x on V X X, it follows that 

tp*u x = pr*u> x + pT&x 

whatever the definition of A x was. Thus, ip preserves connections and descends to a 
connection-preserving isomorphism. □ 

Finally, we prove one part of Corollary [Aj Generally, a map on a diffeological space X 
is called locally constant, if f(x) = f(y) whenever (x, y) is in the image of the evaluation 
map ev : PX — >■ X x X. 

Proposition 4.2.5. Let f : CX — *■ G be a locally constant fusion map. Then, the 
connection on (/) is flat. 

Proof. It suffices to show that the 1-form A x on V X X is flat, i.e. d^ + [A x A A x ] = 0. 
This is, by Theorem IB. 21 equivalent to showing that the smooth map F x : VV X X — >■ G 
takes the same value on nomotopic paths. Suppose h £ PPV X X is a homotopy between 
paths 7,7' € PV X X. If (/?o,/3i,/3) and ((3' , f3[, 0) are the triples of paths associated to 7 
and 7', we find /3o = /% an d Pi = and h induces a homotopy h between f3 and j3' (see 
the proof of Lemma l4.2.ip . Then, 

h pr t{fl\,-*Po) 
[0, 1] PX VX > CX 

is a path in CX from £(/3i,/3 * /3o) to E(/3[,{3' * (3' ). Since / is locally constant, it follows 
that F x ( 7 ) =F«(7'). □ 



5 Transgression 

In this section, X is a diffeological space and A is an abelian Lie group. Let P be a principal 
A-bundle over X with connection oj. According to Proposition 13.2.12] the holonomy of oj 
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is a smooth map Hol w : CX — ^ A. Furthermore, Hol w depends only on the isomorphism 
class of (P, ui) and satisfies 

HoLj 1(X)W2 = HoLj-l • HoLj 2 
for (^1,(^2) and (^2,^2) two diffeological principal A-bundles with connection. 

Lemma 5.1. The holonomy of a connection uj is a fusion map. 

Proof. This is a simply calculation: for q an element in the fibre of P over the common 
initial point of three paths (71,72,73) € VX^\ 

q = r^ 7l (g).Hol w (£(7i, 73)) = ^* 72 (^* 71 (g)).Hol w (i(7i,7 3 )) 

= r^ 72 (g).HoL(^(7i,72))" 1 .HoL(£(7 1 ,7 3 )) 

= (?.HoL(£(72,73))" 1 -HoL(^(7 1 ,72))- 1 .HoL(^7 1 ,7 3 )) 

Here we have used the definition of holonomy (Definition 13.2. lip via the parallel transport 
of the connection uj, its functorality and its >l-equivariance (Proposition 13.2. 10p . □ 

Summarizing, we have a well-defined group homomorphism 

^ v : h ViffBunJ(X) — »- Tus(CX,A) 

that we call transgression. We prove in the following section that it is the inverse of the 
group homomorphism ^ constructed in Section 14.21 

Lemma 5.2. The fusion homotopy class o/Hol w is independent of the choice of the con- 
nection on P. 

Proof. For two connections ujq and ui\ on P, consider the principal G-bundle 

idxp:[0,l]xP^ [0, 1] x X 

and the 1-form Q := tuj\ + (1 — t)uiQ on [0, 1] x P, which defines a connection on [0, 1] x P. 
Consider further the smooth map 

7] : [0, 1] x CX £([0, 1] x X), n(t, r)(s) := (<p(t), r(s)), 

where ip is a smoothing function (see the proof of Proposition 12.1.6]) . Then, 

H := Rol n o 77 : [0, 1] x CX — »- A 
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is a smooth map and corresponds to a path h € PD°°(CX, A) with H = h w , connecting 
Hol Wo and Hol Wl . All that remains is to check that h(t) lies in the subspace of fusion maps 
for all t £ [0,1]. This follows from the fact that HoIq is a fusion map (Lemma l5.1|) . □ 

Over a smooth manifold M, every diffeological principal ^4-bundle is an ordinary, 
smooth principal bundle (Theorem 13.1. 7j) . Due to the existence of connections on such 
bundles, we obtain a well-defined group homomorphism 

& : h Bun A {M) hPus(CM,A). 

By construction, the diagram 

h BunJ{M) — J=us(CM, A) 



h Bun A (M) ^— >■ KFus(CM, A), 

is commutative, which contributes the remaining part to the proof of Theorem O 



6 Proof of Theorem A 



We show that regression ^ v and transgression ^ v are inverses to each other, starting 
with the proof that ^ v o ^ is the identity on the space Tus{CX } A) of fusion maps. Let 
/ : CX — >• A be a fusion map. We have to compute the holonomy of the reconstructed 
bundle {P,co) := &%{f). Let a loop r € LX be represented by a closed path 7 G PX c i 
under the map cl from Section \2.2l Let : P y — 3- P y denote the parallel transport along 
7, where y = 7(0) = 7(1) and P y denotes the fibre of P over y. We have to compute a € A 
such that Tj(q).a = q for some (and hence all) q G P y . 

The path 7 lifts to VX X . To see this, let us denote by jt £ PX the path 7t(s) := 
j(t(p(s)), for ip a smoothing function (see the proof of Proposition 12.1.6]) . We choose a 
path k £ VX with ev(«) = (x,y). Then, 

7 : [0, 1] VX X :t^j t *K 

is a path and lifts 7 along the evaluation evi. We recall that P is descended from the trivial 
principal A-bundle T x over VX X . In particular, it comes with a projection pr : T x — 5- P. 
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The parallel transports in P and in T x fit into a commutative diagram 



pr 



P„ 



- x I70K 



pr 



Py. 



The parallel transport in the trivial bundle T x along 7 is according to Definition 13,2.91 given 
by 

7^(7(0), 0) := (7(1), 9F x m- 
We compute from the definition of F x and Lemma 12.2.41 that 

Fxij) = ft(fjf(l), 7 * 7(0)) = ftin * k,7 ★ «) = 1. 

Thus, for g := pr(7(0),<?) E Py, we have r^{q) = pr(7(l),g>) G P^. Now we use the 
definition of P, given by the descent structure df from (I4.1.ip and the descent construction 
(f3TL~4"|) . We compute using Lemma 12.2.21 



= pr( 7 (l),5) = pr( 7 (0), ^(7(0), 7 (l))ff) 

= 9-/e(«,7*") = g./f(id, 7 ) = 5.^(7, id)" 1 = q.fir)' 1 . 

We conclude that HoLj(t) = /(r), which completes the proof that (J^ v o ^ v )(/) = /. 

Next is the proof that ^ v o ^ v is the identity on the group hoT>ijfBun^(X) of isomor- 
phism classes of diffeological principal j4-bundles over X with connection. Let P be such 
a bundle, and let / : CX — 5- A be the associated fusion map, its holonomy. Let qo G P 
be a fixed point in the fibre over x. Notice that 



evlP : (7,5) (7,T 7 (g o ).0) 



defines a bundle morphism over VX X : it is smooth by Proposition 13.2.101 (c) and A- 
equivariant. Moreover, it exchanges the descent structure df on the trivial bundle T x = 
VX X x A with the trivial descent structure on ev*P: 

Pr2^(d/(7i>72,s)) = pr2v(7l J 72,/<(72,7i)5) 

= r j2 (qo).Mj2,7i)g = r^(%).g = pr^(7i, 72 ,g). 
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Hence, cp descends to an isomorphism 

(evi)*^) :& x {f) — P. 

It remains to prove that this isomorphism respects the connections. This is the case if 
and only if the isomorphism (p respects connections, i.e. pulls back the connection evjw 
on ev*P to the connection oj x on T x , which was defined by a 1-form A x . Consider the 
composite 

VX X VX X x A ev{P ^ P 

in which the first map sends a path 7 to the pair (7, 1). Explicitly, this composite is the 
map 

j : VX X — P : 7 ^ r 7 (q ). 
Now, the isomorphism ip is connection-preserving if and only if 

J*oj = A x . (6.1) 

In order to check equation f|6. 1 [) . let : VP — >■ A be the smooth map corresponding 
to the 1-form u) under the bijection of Theorem IB.2I We recall that A x was defined by a 
smooth map F x : VV X X A. We claim that F x (i) = i^(j'°7) for all 7 : [0, 1] VX X . 
This shows (|6.ip and completes the proof of Theorem [Aj 

To show the claim, we recall from Section 14.21 that 7 defines three paths, namely 
/3 ■= 7 (0) e VX X , /3i := 7(1) G VX X and /3 G PX. The path j o 7 is a lift of the 
path /3 along the bundle projection p : P — *- X: 

for all t G [0, 1]. Using the functorality of parallel transport and the definition of holonomy 
we find 

r / r(j(7(0))).HoL(/3*/3 */3r 1 ) = (j( 7 (0))). (6.2) 

On the left hand side, 

Hol w (/3 * /3 * = KoUPT 1 * P * A>) = * A)> A) = ft(Pi, P * Po)~\ 

where the first equality holds because the two loops in the argument of Hol w are related 
by a rotation, i.e. a particular thin homotopy. The second equality is the definition of / 
and the last equality is Lemma 12.2.41 On the right hand side of (|6,2p . we have 

^-^'(7(0)))=^ (go) =j(7(l)) 
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due to the definition of j. Thus, ([OD becomes (7(7(0))) = j{j(l)).fe(Pi, P * A))- A 
comparison with Definition 13.2.91 shows that F w (joj) = /|(/3i, /3*/3q). The right hand side 
is precisely the definition of -^(7) and shows that ^(7) = F u (j o 7). 

A Diffeology of Loop Spaces and Paths Spaces 

In Section I A. II we review standard definitions and facts about diffeological spaces. In 
Section EH we introduce a Grothendieck topology on the category of diffeological spaces 
based on subductions. In Section IA.3I we review differential forms on diffeological spaces 
and relate them to smooth maps on path spaces. 

A.l Diffeological Spaces 

Diffeological spaces were introduced by Souriau |Sou81] . and are today understood as one 
flavor of the "convenient calculus". For a concise presentation we refer the reader to 
[BH , ILau08| . for a comprehensive treatment to [IZ], and to [Stall] for a comparison with 
other forms of the convenient calculus. 

Definition A. 1.1. A diffeological space is a set X with a diffeology. A diffeology on a set 
X is a set of maps c : U — >■ X called plots, where each plot is defined on an open subset 
U C R k with varying k G No, such that three axioms are satisfied: 

(Dl) for any plot c : U — »- X, any open subset V C M. 1 , and any smooth function f : 
V — *- U the map co f is also a plot. 

(D2) every constant map c : U — > X is a plot. 

(D3) if f : U — 9- X is a map defined on U C M fc and {Ui}i£i is an open cover of U for 
which all restrictions f\u i are plots of X, then f is also a plot. 

Moreover, a map f : X — >■ Y between diffeological spaces X and Y is called smooth if for 
every plot c : U — >■ X of X the map f o c : U — >■ Y is a plot of Y. 

Diffeological spaces form a category Tiff, and the isomorphisms in Tiff are called dif- 
feomorphisms . The following theorem explains why it is convenient to use diffeological 
spaces. 
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Theorem A. 1.2 ((BHj Theorem 9]). The category Viff is a quasitopos. 

In practice, this means that many constructions are available which are in general 
obstructed or simply not possible for smooth manifolds or Frechet manifolds. The next 
example describes some of these constructions. 

Example A. 1.3. 

(a) For diffeological spaces X and Y, the set D°°(X,Y) of smooth maps / : X — *■ Y 
carries a canonical diffeology called the functional diffeology [IZ], 1.57]. 

A map c : U — *- D°°(X, Y) is a plot if and only if the composite 
UxX CXid > D°°(X,Y) xX C -^^ Y 

is smooth. 

(b) Every subset Y of a diffeological space X carries a canonical diffeology called the subset 
diffeology [El 1.33]. 

A map c : U — Y is a plot of Y if and only if its composition with the inclusion 
i : Y^ — >■ X is a plot of X. 

(c) The direct product X x Y of diffeological spaces X and Y carries a canonical diffeology 
called the product diffeology [IZ, 1.55]. 

A map c : U — >• X x Y is a plot of X x Y if and only if its composition with the 
projections to X and to Y are plots of X and Y, respectively. 

(d) For any pair of diffeological maps / : X — >■ Z and g : Y — Z, the fibre product 
X xz Y is - as a subset of X x Y - a diffeological space. 

(e) For X a diffeological space, Y a set, and p : X — *- Y a map, Y carries a canonical 
diffeology called the pushforward diffeology [TZj 1.43]. 

A map c : U — *- Y is a plot if and only if every point x € U has an open neighborhood 
V C U such that either c|y is constant or there exists a plot c : V — >~ X of X with 
c\v = p o c. 

The pushforward diffeology of Example I A . 1 . 3 1 ( e) arises frequently in this article, namely 
when ~ is an equivalence relation on a diffeological space X, and Y := Xj ~ is the set of 
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equivalence classes. Then, Y carries the pushforward diffeology induced by the projection 
pr : X — s- Y . One can easily show 

Lemma A. 1.4 (|IZ, 1.51]). Let X\ and X2 be diffeological spaces, let Y be a set and 
let p : X\ — s- Y be a map. Then, a map f : Y — >■ X2 is smooth with respect to the 
pushforward diffeology on Y if and only if f op is smooth. 

In the remainder of this section we shall relate diffeological spaces to Frechet manifolds. 
Let J-rech denote the category of Frechet manifolds. Then, there is a functor 

Trech — »- Uff (A.l.l) 

defined as follows. On objects, it declares on a Frechet manifold X the smooth diffeology. 
Its plots are all smooth maps c : U — >■ X, defined on open subsets U C M fc , for all k £ No- 
On morphisms it is the identity: any smooth map / : X — Y between Frechet manifolds 
is diffeological. Indeed, its composition foe with any plot c : U — *- X of X is smooth, 
and thus a plot of Y. The following theorem permits the unambiguous usage of the word 
"smooth" . 

Theorem A. 1.5 ([Los94, Theorem 3.1.1]). The functor iA.l. 1\) is full and faithful, i.e. a 
map between Frechet manifolds X and Y is smooth in the manifold sense if and only if it 
is smooth in the diffeological sense. 

Remark A. 1.6. 

1. Since smooth manifolds form a full subcategory of J-rech, Theorem IA. 1.51 remains 
true upon substituting "smooth" for "Frechet" . 

2. If M is a smooth manifold with boundary, it still carries the smooth diffeology. How- 
ever, since our plots are defined on open subsets, any map / : M — >■ X that is 
smooth in the interior of M is already smooth on M. For this article this is negligi- 
ble: the only manifold with boundary that appears here is the interval M := [0, 1] as 
the domain of paths. But paths are by definition constant near the boundary. 

Finally we shall show that the functor (jA.l.lj) identifies the Frechet manifold 
C°°(5 1 ,M) with the diffeological space Z?°°(S' 1 ,M) (see Example EH (a)), so that the 
loop space LM of a smooth manifold has an unambiguous meaning. More generally, we 
have the following statement. 
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Lemma A. 1.7. Let M be a smooth manifold and let K be a compact smooth manifold. 
The functional diffeology on D°°(K,M) and the smooth diffeology on C°°(K, M) coincide 
in the sense that every plot of one is a plot of the other. 

Proof. Let c : U C°°(K, M) be a map. It is a plot of C°°(K, M) if and only if it is 
smooth. It is a plot of D°°(K, M) if and only if 

UxK cXid > C°°(K,M) x K C -^M (A.1.2) 

is smooth. Suppose first that c is smooth. Since the evaluation map is smooth, also (|A.1.2p 
is smooth. Hence, every plot of C°°(-ftT, M) is a plot of D°°{K,M). Conversely, assume 
that (|A.1.2p is smooth. We want to show that c is smooth. We recall that the Frechet 
manifold structure on C°°(K, M) is the one of the set T(K, M x K) of smooth sections in 
the trivial M-bundle over K. We also recall that if ip : E — >- F is a smooth morphism 
of fibre bundles over K, the induced map : T(K,E) — >■ T(K,F) is smooth [Ham82, 
Example 4.4.5]. Since (|A,1.2j) is smooth, also 

UxK CXid : C°°(K,M)xK CvXid : MxK 

is a smooth morphism of (trivial) fibre bundles over K. It hence induces a smooth map 
c : C°°(K, U) C°°(K, M). Let i : U C°°(K, U) be the inclusion of constant maps, 
which is smooth. Hence, the composition co i : U — 5- C°°(K, M) is a smooth map and 
coincides with c. Thus, every plot of D°°(K, M) is a plot of C°°(K, M). □ 



A. 2 Subductions 

Presheaves can be defined over any category, while the formulation of the gluing axiom, 
i.e. the definition of a sheaf, requires the choice of a Grothendieck topology. In this section 
we introduce a Grothendieck topology on the category Viff of diffeological spaces. 

Definition A. 2.1 ([IZ, 1.48]). A smooth map tt : Y — *- X is called subduction if the 
following condition is satisfied. For every plot c : U — >■ X and every x 6 U there exists 
an open neighborhood V C U of x and a plot c : V — >■ Y such that tt o c = c\y . 

One can show that every subduction is surjective, and that an injective subduction 
is a diffeomorphism [Igl85, Proposition 1.2.15]. One can also show that a smooth map 
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7r : Y — >■ X is a subduction if and only if the diffeology of X is the pushforward diffeology 
induced by ir [TZ], 1.46]. In particular, all projections pr : X — *- X/ ~ to spaces of 
equivalence classes are subductions. Further examples of subductions are projections to 
a factor in a product or fibre product [IZl 1.56], and - as mentioned in Section [2.11 - the 
endpoint evaluation ev : PX — >■ X x X for X connected [IZ, V.6]. Subductions over 
smooth manifolds can be characterized in the following way. 

Lemma A. 2. 2. Let M be a smooth manifold, let Y be a diffeological space and let ir : 
Y — >■ M be a smooth map. Then, it is a subduction if and only if every point p £ M has 
an open neighborhood W C M that admits a smooth section s : W — >■ Y. 

The next proposition is the main point of this subsection. 

Proposition A. 2. 3. Subductions form a Grothendieck topology on the category Viff '. 

Proof. The identity idx of a diffeological space X is clearly a subduction. The composi- 



tion of subductions is a subduction Igl85, Proposition 1.2.15]. Finally, the pullback of a 



subduction along any diffeological map is a subduction |Igl85, Proposition 1.4.8]. □ 



A. 3 Differential Forms 

Differential forms on diffeological spaces are defined "plot-wise" using the notion of ordinary 
differential forms on smooth manifolds. 

Definition A. 3.1 ( [IZl VI. 28]). Let X be a diffeological space. A k-form on X is a family 
{<Pc} of k- forms ip c G Q k (U) parameterized by plots c : U — *■ X, such that ip CJ = f*(f C2 
for every commutative diagram 

U C1 f -^U C2 




(A.3.1) 



X 



with ci and C2 plots and f smooth. 

The set of fe-forms on a diffeological space X is denoted Q k (X); similarly one defines k- 
forms with values in a vector space V, denoted Q k (X, V). All familiar features of differential 
forms generalize from smooth manifolds to diffeological spaces, equipping the family Vt*{X) 
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with the structure of a differential graded commutative algebra (dgca). Further, if / : 
X — *- Y is a smooth map between diffeological spaces, there is a pullback 

/* : n *(F) — n k (X) with (/V) c := 

for a plot c of X, forming a morphism between dgca's. In other words, forms over dif- 
feological spaces form a presheaf 0* of dgca's over diffeological spaces. One can show [PZl 
VI. 38] that this presheaf is even a sheaf. 

For a smooth manifold M, it is easy to check that the k- forms of Definition IA.3.11 are 
the same as ordinary (smooth) /c-forms on manifolds. The following lemma generalizes a 
familiar fact from smooth manifolds to diffeological spaces (see Lemma 12.1.21 and [SW11|. 
Lemma 4.2]) 

Lemma A. 3. 2. Let f : X — >■ Y be a smooth rank k map. Then the pullback f*tp vanishes 
for all if G n k+1 (Y). 

Proof. Let ip £ £l k+1 (Y) and let c : U — >■ X be a plot. We show that y?/ oc = 0. Since / 
has rank k, every point u E U has an open neighborhood U u C U with a plot d : V — >■ Y 
and a rank k map g : U u — 9- V. It follows that ff oc \u u = 5 r * ( / 9 rf = 0- ^ 

Differential forms can be transgressed to the loop space, and we have used that in 
Proposition 13.2.131 Let 99 be a /c-form on a diffeological space X. Consider a plot d : 
U — 9- LX of the loop space, i.e. a map such that the adjoint map d : U x S 1 — >- X is 
smooth. Consider the (k — l)-form 

Js 1 

where d*ip is a /c-form on U x S* 1 - and thus an ordinary differential /c-form - and J sl 
denotes "integration along the fibre". Let d\ : U\ — *• LX and di '■ U2 — LX both 
be plots, and let / : U\ — 3- U2 be a smooth map such that d<i o / = d%, then we have 
d>2 o / = di, where / := / x id. It follows that f*ipd 2 = V'di- Hence, ip := {tpd} is a 
(k — l)-form on the diffeological space LX. The same procedure works for the thin loop 
space CX instead of LX. In both cases, we use the symbolical notation 
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B Differential Forms and Smooth Functors 



In this section we discuss a close relation between 1-forms on a diffeological space X and 
smooth maps on the path space VX. For smooth manifolds, this relation has been studied 
before in [SW09, SWllj. On the one hand, consider the the following groupoid Fun(X, G). 
Its objects are smooth maps F : VX — >~ G satisfying 

^(72 *7i) = ^(72) • ^(71) 

whenever paths 71,72 are composable. A morphism g : F\ — >• F2 is a smooth map 
g : X — >■ G such that 

5 ( 7 (1)) •Fi( 7 ) = F 2 ( 7 ) -5(7(0))- 

Composition is multiplication, i.e. 52 9i '■= 5i5i> an d the identity morphisms are given 
by the constant map 5 = 1. On the other hand, let Z\(G) be the following groupoid. The 
objects are 1-forms A € Q 1 (X, g), with g the Lie algebra of G. A morphism g : A\ — >■ A<i 
is a smooth map g : X — s- G such that 

A 2 = Ad g (A l )-g*9, 

where 9 G il 1 (G, g) is the right-invariant Maurer-Cartan form on G. 

Both groupoids are natural in X, i.e. if / : X — 3- Y is a smooth map, there are evident 
pullback functors 

/* : J=un{Y,G) — Fun(X,G) and /* : Z\{G) Z\{G). (B.l) 

These pullback functors compose strictly under the composition of smooth maps. In other 
words, J%Ln(—, G) and Z 1 (G) are presheaves of groupoids over the category of diffeological 
spaces. We remark that both presheaves are in general not sheaves. 

For a smooth manifold M, the groupoids J7in(M, G) and Z\,{G) have been introduced 
in |SW09| . We recall 

Proposition B.l ([SW09, Proposition 4.7]). For a smooth manifold M there is an iso- 
morphism of categories 

J=un(M, G) ; a zyO). 

(poo 
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This isomorphism can be characterized in terms of parallel transport. Suppose oj £ 
f2 1 (P, g) is a connection on a smooth principal G-bundle P over M, 7 € PM is a path and 
7 G PP is a lift of 7. Then, 

^(7(0))=7(1)- < P°°M(7), 

where denotes the parallel transport of ui along 7, and *p°°(u;) : VP — G corresponds 
to the 1-form oj under Proposition lB.il 

We need two properties of the isomorphism of Proposition IB. II Firstly, it commutes 
with the pullback functors (|B.1|) . i.e. it is an isomorphism of presheaves over TUff [SWlll 
Proposition 1.7]. Secondly, let us call a 1-form A £ r^ 1 (X, g) flat, if the 2-form 

K A := dA + [A A A] 

vanishes, and let us call an object F in Fun(X,G) flat, if ^(7) = F(Y) whenever 7 and 
7' are homotopic (Definition I2.1.4| ). Then, the flat objects in Z^j(G) correspond precisely 
to the flat objects in Tun{M, G) jSW09l Lemma B.l (c)]. 

We prove the following generalization of Proposition IB.ll from smooth manifolds to 
diffeological spaces. 

Theorem B.2. Let X be a diffeological space. Then, there is a isomorphism of categories 

Fun(X, G) ; ^ ; Zl{G) 

that restricts over every plot c : U — >- X to the isomorphism of Proposition liOl i.e. 
c*oS) = D°°oc* and c* o = <p°° o c*. 

Proof. The functor £> : Fun(X,G) — >■ Z\(G) is easy to define. If an object F in 
Fun(X,G) is given, one has for each plot c : U — *- X a 1-form A c := £>°°(c*-F) S 
1 (C/, 5). These 1-forms clearly define an object {A c } in Z\(G). Moreover, any morphism 
in J-un(X,G) is automatically a morphism in Z^(G). This defines the functor D, and it 
restricts by construction over each plot to the functor To finish the proof, it thus 

remains to construct the functor *P such that is strictly inverse to D. 

Assume A = {A c } is an object in Z\{G). A map F : PX — >■ G is defined as follows. 
Any path 7 : [0, 1] — >■ X extends canonically to a plot 7 : R — >■ X. Namely, one simply 
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puts 7 (i) := 7(0) for all t < and j(t) := 7(1) for all t > 1. There is a unique thin 
homotopy class r S PR of paths in R with ev(r) = (0, 1). Then, we put 

F( 7 ) :=<P~(Ay)(r). 

We have to check that this definition yields an object in J-un(X,G). This check consists 
of the following three parts. 

1.) Compatibility with the path composition. For the following calculations we use the 
notation := ty°°(A^). If 71,72 € PX are composable paths, consider the two smooth 
maps 

L\ : R — *- R : t 1 — *- -t and t 2 : K — *- R : i 1 — >■ - + -i. 

2 2 2 

Due to the uniqueness of the path r, one has r = P£ 2 (t) *Vli(t) in PR. Then, 



F( 72 * 71 ) = F~ (r) = F~ (Vi 2 (r) * ^i(r)) 

/ ■y 

'^F^(t)-F^(t) = F(7 2 )-F( 7i ), 



72*71 v 7 72*71 
i^(^ 2 (T)) • F—C^iCr)) = l* 2 F~{t) • ^—(r) 

(*) 



where (*) comes from the commutative diagram 



'k 



Ik \ J 72*71 

X 

for fc = 1, 2, which implies equalities ^A^j^ = ^tI between 1-forms. It will be convenient 
to prove also that F(id x ) = 1 for any x € X. Indeed, 

F(id,) = ^(r)=^(A T J(r) = l 

since Ar^ = id^*^ = because ida; has rank zero (Lemmata 12.1.31 (b) and IA.3^2]) . 
2.) Smoothness. Let c : U — *- PX be a plot, i.e. the map 

[0, l]xU idXc > [0, 1] x — X 

is smooth. We extend this map to a plot c : R x [7 — >■ X. Consider the inclusion 
l u : R — 5- R x {7 defined by := (t,u), and the associated smooth map 

r : U — »- P(R x[/):ti^ Pt«(r). 



It follows that 

f/^P(lx[/)A G (B.2) 
is smooth. We claim that (|B.2|) coincides with Foe; this shows that F is smooth. Indeed, 

F~ c {T{u)) = F~ c {Vl u {t)) = l* u F~ c {t) = F^(r) = F(c(u)). 

3.) Thin homotopy invariance. We have to show that F(7i) = -^(72) whenever there 
is a thin homotopy h G PPX between 71 and 72. The adjoint map h v : [0, l] 2 — X can 
be extended to a plot : R 2 — 5- X |SW11[ Section 2.3]. One checks that 

((A V W(7) = F—^ (r) = WA—Jir) = r(7^)M = ¥°°(A^). 

Since h v has rank one, the 1-form A^p = (h y )*A is flat by Lemma [A.3.2i and so is (/i v )*F. 
Then, the claim follows from Lemma lB.31 below. 

By now we have defined a functor : Z\{G) — >■ Tun{X,G). It remains to show 
that it is inverse to the functor D. Suppose A is an object in Zj i (G), and F := ^P(A). 
Over a plot c : U — X, we have to check that D°°(c*F) = A c . This is equivalent to 
c*F = <p°°(A c ). Indeed, we find for 7 G PU 

(c*F)( 7 ) = F(Fc( 7 )) = r(^)(r) ( = } ^°°(7^c)(r) = 7^°°(^)(r) = ¥°°(A C )( 7 ) 
where (*) comes from the commutative diagram 

m 7 



X 

and the last equality comes from the fact that (Vj)(t) = 7 as elements in VX. Conversely, 
suppose an object F in Jun{X,G) is given and A := D{F). We have to check that 
?P(A) = F. Indeed, for 7 G FX, 

?P(A)( 7 ) = qj°°(^)(r) = r°(£°°(7*F))(T) = (7*F)(r) = W(r)) = F( 7 ). 

This completes the proof. □ 

We remark that the condition that the functors D and ^ restrict to the functors T>°° 
and ^3°° over each plot, implies that the isomorphism of Theorem IB.2I commutes with the 
pullback functors (jB.lj) and respects flatness. The supplementary lemma used in the proof 
above and in Section 13.21 is 
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(0,0) 



(0,1) 



(1,0) 



(1,1) 



Figure 2: Paths around the boundary of the unit square. 



Lemma B.3. Let X be a diffeological space. Suppose F : PX — *- G is a smooth map 
satisfying 



for all composable paths 7', 7, and all points x € X. Suppose further that h G PPX is a 
homotopy between paths 71 and 72, such that (/i v )*F is flat, where h v : [0, l] 2 — >■ X is 
the adjoint of h. Then, F( 7 i) = F( 7 2). 

Proof. Recall that 71,72 : [0,1] — 5- X are locally constant in neighborhoods U\,U2 of 
{0, 1}, respectively. Let U := [0, 1] \ {U\ n C/2). Choose a smoothing function ip such that 
tp(t) = t for all t G U. As a consequence, 7 j = 7 j o ip for i = 1, 2. We can regard as a path 
in R, and use the smooth maps : R — M 2 : i 1 — s- (s, i) and i v s : R — 5- M 2 : i 1 — >- (t, s) to 
construct paths in R 2 like shown in Figure H Notice that F( 7i ) = F fc (Pi§(p)) for t = 1, 2, 
where we have denoted F^ := (h v )*F. For (x, y) := ev(7i) = ev(72), we calculate 



F( 7l ) = F(id y ) • F( 7l ) = F(P(/* V o tDip) *p(feV ^ )(v9)) = F fc (Pt?(p) ★ Ptffa)) 



Since the paths Pb\(tp) * Piq(<p) and Pi\{^p) * Piq{<p) are obviously homotopic in M 2 , the 
latter result is equal to 



P„(Pi?(p) *Pigfa)) = HP(h V o *P(/i v o ig)^)) = P( 72 ) ■ F(id*) = F( 72 ) 
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